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ABSTRACT 


A lot has been said about the Fibonacci Convolution Triangle, but not much 
has been said about the Tribonacci Convolution Triangle. There are a few ways to gen- 
erate the Fibonacci Convolution Triangle. Proven through generating functions, Koshy 
has discovered the Fibonacci Convolution Triangle in Pascal’s Triangle, Pell numbers, 
and even Tribonacci numbers|KOS14]. The goal of this project is to find inspiration in 
the Fibonacci Convolution Triangle to prove patterns that we observe in the Tribonacci 
Convolution Triangle. We start this by bringing in all the information that will be useful 
in constructing and solving these convolution triangles and find a way to prove them in 


an easy way[KOS14]. 
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Chapter 1 


Introduction 


The fun I find in Pascal’s Triangle is that there are many ways to construct the 
array. It is a very popular triangle with many applications that go along with it[|KOS18]. 
The same is not said when you mention either the Fibonacci Convolution Triangle or 
the Tribonacci Convolution Triangle. The goal of this chapter is to get you to recall the 
information you might remember from different arrays and transition into the Convolution 


Triangles. 


1.1 Different Arrays 


We start out with one of the most popular arrays known to date. There have 
been many observations of patterns in Pascals Triangle and we will later see how it leads 
to the construction of the Fibonacci Convolution Triangle[KOS14]. We lastly follow it to 


both the Fibonacci Convolution Triangle, and the Tribonacci Convolution Triangle. 


1.1.1 Pascal’s Triangle 


Pascal’s Triangle is one of the most recognizable arrays because it is made up 
of numbers that are applicable to many areas of mathematics. This array is most rec- 
ognizable for its binomial expansion[KOS11]. These numbers are seen in areas of com- 
binatorics, statistics, and in the expansion of binomials. These numbers come from the 
binomial theorem: 


(x+y)” = Se f) a Page 


k=1 


An array can be constructed for each of the entries. For example, we can create a row 
of the entries n. The array below shows each of the entries for the first 7 rows of the 


binomial theorem. Notice, for each row labeled n has n + 1 entries since we start with 
zero[KOS1]1]. 


Figure 1.1: Binomial Expansion 


Recall that (") = ECE Following this equation, the result of the triangle above is the 


triangle below. 


Figure 1.2: Pascal’s Triangle 


1 
1 1 
1 2 1 
1 3 3 1 
1 4 6 4 1 
1 5 10 10 5 ol 
1 6 15 20 15 1 


There is also another way to think of the same triangle. Start with ones on the outside, 


then add the two entries above. Following this pattern results in generating Pascal’s 


Triangle. 


Figure 1.3: Pascal’s Triangle (constructing third row) 


In this case, the next row would have ones on the outside, and the middle number will 


be 1 + 1 giving us 2, as shown below. 


Figure 1.4: Pascal’s Triangle 


The next row will be a result of ones on the sides, and each other entry will be made up 


of the sum of the two numbers above it. 


Figure 1.5: Pascal’s Triangle (constructing fourth row) 


In this case, the sums will be 1+2 and 2+1 with ones on the outside. 


Figure 1.6: Pascal’s Triangle 


The next row is slightly more difficult since there are more entries, but you can see the 
pattern starting to form at this point. Again, the next row will be a result of the ones on 


the sides, and each other entry will be made up of the sum of the two numbers above it. 


Figure 1.7: Pascal’s Triangle (constructing fifth row) 


1 
1 1 
1 2 1 
1 3 3 1 
1 1+3 3+3 3+1 1 


In this case, the fifth row will be made up of a one on the left side, then the sums 1+3 
and 3+3 and 3+1 and a one on the right side. The result of this pattern forms the array 


on below. 


Figure 1.8: Pascal’s Triangle 


1 
1 1 
1 2 1 
1 3 3 1 
1 4 6 4 1 


If we continue this pattern on for a few more rows, we see that it is the same triangle we 
previously saw. Below, we see the same triangle constructed through the sums of the two 


numbers directly above each entry. 


Figure 1.9: Pascal’s Triangle 


1 
1 1 
1 2 ih 
1 3 3 1 
1 4 6 4 1 
1 5 10 10 i) il 
1 6 15 20 15 6 1 


Note that with this rule, the k*” term in the n*” row is the sum of the two entries above 
it. Those two terms will be on the row that is one less than the term that we speak of. 
Those terms will also be the k — 1%" and the k*” term. With this observation, we have 


stumbled upon Pascal’s Identity[KOS11]. 


Theorem 1.1. Pascal’s Identity 

Let n and k be positive integers where k<n. 

Then (7) =(k-a) +(x) 
Since we have constructed Pascal’s Triangle by adding the two entries above to create 
each entry, we have found Pascal’s Identity[/KOS11]. For the sake of this project, we 
are going to look at the left justified version of Pascal’s Triangle. Notice in the array 
below, the entries of the first column are all ones, the second column is a column of 


consecutive numbers, the third column is a column of triangular numbers and so on and 


so forth[KOS11]. 


Table 1.1: Pascal’s Triangle Left Justified 


to) @) |G) |G) |G) T&) |) 
1] 4 

(ee alle 

be] Ge) Sel], a 

i | 4 | 6 1 

1} 5 ]10}/10} 5] 1 

1 | 6|15}20]15] 6 | 4 


1.1.2 Fibonacci Convolution Triangle 


There are a few things we need to know about the Fibonacci convolution triangle 
before we start proving certain results about it. We need to know how to generate the 
array which involves the convolution of generating functions[KOS14]. We must first define 
generating functions[|KOS18], convolutions[KOS18], and also come up with the generating 
function for the Fibonacci numbers themselves[KOS14]. We will learn about each of those 
parts separately in later chapters. For now, we should see that the following table shows 
the first five columns of the left-justified and offset by 1 row version of the Fibonacci 


convolution triangle|KOS14]. 


Table 1.2: Fibonacci Convolution Triangle 
FO | pO | pe) ] PE) | pe) 


1 

1 1 

2 2 1 

3 5 3 1 

5 10 9 4 1 
8 20 22 14 

13 38 51 40 20 
21 71 111 | 105 65 


34 130 | 233 ) 256 | 190 
59 235 | 474 | 594) 511 
89 | 420 | 942 | 1324 | 1295 
144 | 744 | 1836 | 2860 | 3130 
233 | 1308 | 3522 | 6020 | 7285 


1.1.3. Tribonacci Convolution Triangle 


The same goes with the Tribonacci convolution triangle. Since we are comparing 
this triangle to the Fibonacci convolution triangle|KOS14], we will have to learn about 
that triangle first. We need to understand what a generating function is in order to 
understand the convolution of generating functions, then find the generating function to 
the Tribonacci sequence of numbers. Lastly, use the convolutions of those generating 
functions. For now, we should see that the following table shows the first five columns of 


the left-justified and offset by one row of the Tribonacci convolution triangle[KOS14]. 


Table 1.3: Tribonacci Convolution Triangle 
TO) | Pa) | Pe) T(3) T(4) 


1 1 1 1 1 

1 2 3 4 5 
2 5 9 14 20 
4 12 25 44 70 
7 26 63 125 220 


24 118 359 864 1800 
44 | 244 819 2144 4810 
81 | 499 | 1830 5174 12430 
149 | 1010 | 4018 | 12200 | 31240 
274 | 2027 | 8694 | 28212 | 76692 
504 | 4040 | 18582 | 64168 | 184530 
927 | 8004 | 39298 | 143878 | 436340 


Chapter 2 


Sequences 


We see in this chapter the importance of sequences. The main point of this 
project is comparing the Fibonacci Convolution Triangle with the Tribonacci Convolution 
Triangle. These two triangles are made up of two separate sequences of numbers. It 
would only make sense that they follow a certain pattern which we will begin to see in 


this chapter. 


2.1 Fibonacci Numbers 


Fibonacci numbers have been seen in many different occurrences. One of the 
most popular of the bunch is the rabbit problem discoverd by Leonardo Fibonacci, which 
goes as follows[KOS18]. 

Suppose there are two new born rabbits, one male and the other female. Find the number 
of rabbits produced in a year if: 

1) Each pair takes one month to become mature; 

2) Each pair produces a female and male every month, from the second month 

on; and 

3) No rabbits die during the course of the year. 

For the sake of the problem, assume that the original pair of rabbits was born on January 
1. assume they take a month to mature, so by the time February 1 comes along, there is 
still only one pair of rabbits. According to the rules, on March 1, the original pair is now 
two months old, and they birthed a new pair of baby rabbits, which results in a total of 


two pairs of rabbits. Now, on April 1, we have a total of two mature pairs of rabbits, 


and one new pair of baby rabbits, since the old babies were not mature enough to birth 
a new pair, which leaves us with a total of three pair of rabbits. The table below is a 


visual version of the situation we are talking about{KOS18]. 


Table 2.1: Rabbit Problem 


Pairs of | Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec 

Adults | 0 ai 1 2 | 5 8 13 210 «03405 sé#8D 

Babies 1 0 1 1 2 3 5 8 13 “21- 384- .58 
Total 1 1 2 3 5 8 13 21 34 ia5) 89 8144 


The 
is the Fibonacci Sequence[KOS18] that follow 


The numbers that make up the bottom row are called the Fibonacci numbers. 
sequence of numbers 1, 1, 2, 3, 5, 8, 18, ... 
the recursive definition of the n“” Fibonacci number, 


Fy, = Fy-1 + Fr—2 for n > 3 and Fy=Fo=1. 


2.2 Tribonacci Numbers 


Sadly there isn’t a famous story to help us come up with the Tribonacci numbers. 
However, the Tribonacci numbers[KOS18] are defined by the recurrence relation 

Tn = Tn—-1 + Th-2 Tyh—3 for n > 4 and Tj=T7> = 1 T3 = 2 
The first three terms of the sequence are predetermined. The sequence adds the three 
consecutive terms to obtain the following term. We can see what they are below. We 


start to see the pattern being formed after the fourth term. 


Tr 
T =1 
T =2 
f= Ot SAP ore A 
T; = Ti+ Ts +T =14+244=7 


Tg = 75 +7,4+ 73 =24+44+7=138 


fie 


This gives us the sequence of 1, 1, 2, 4, 7, 138, 24, ... 


numbers|KOS18]. 


Ty =4+7+4+ 13 = 24 


, which are the Tribonacci 


2.3 Pell Numbers 


Pell numbers have an interesting recurrence that are similar to a few differ- 
ent sequences[KOS11]. For instance, the Pell sequence is very similar to the Pell-Lucas 
sequence[KOS11]. The only difference is the first two terms. For this project, we will 
focus on the Pell numbers[KOS11]. The sequence follows the following relation 

Py = 2-Py—-1 + Pao for Py = 1, Po = 2. 

In order to start this sequence, we are given the first two terms. The sequence doubles 
the previous term, then adds the term before that. Below is a more organized version of 
the relation. 

Py=1 

Pe=2 

P3=2-P2+ Pip =2-241=5 

Py =2-P3+ Pp =2-54+2=12 

Ps =2-Py+ P3 =2-124+5 = 29 

Peo =2-P5+ Py =2-29+4+12= 70 

P, =2-Pe+ Ps =2-70+ 29 = 169 

Pz =2-P,+ Ps =2-169+ 70 = 408 
The numbers 1, 2, 5, 12, 29, 70, 169, 408, ... make up the first eight terms of the Pell 
sequence|KOS11]. 
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Chapter 3 


Generating Functions 


When it gets to the proving portion of this project, we find it easier to solve the 
problems using generating functions|KOS14]. We will start this chapter out with defining 
a few terms along with a few examples. This leads to the convolution of generating 
functions which we will need to define and also prove the convolution triangles of different 
sequences. Lastly, we will find the generating functions for sequences we need to solve 


for. Let us first start with an introduction of generating functions[KOS18]. 


3.1 Introduction to Generating Functions 


Generating functions are used for both finite and infinite sequences[|KOS18]. 
Since we are looking at sequences of numbers, we are going to concentrate more on the 


infinite forms of generating functions. 


Definition 3.1. Let ap, a1, a2, ... be a sequence of real numbers. Then the function 
g(z) = a9 + 4,27 + aor? +... 


is called the generating function for the sequence {an} [KOS18]. 


One of the most popular examples of generating functions follows the sequence of 1’s[KOS18]. 


Let us start with the generating function 


11 


g(x) = ltata?+ez3+--- 
CO 
= Soe 
n=0 
CO 
= 1+5 02" 
n=1 
CO 
= L+a-Soa"! 
n=1 


CO 

a l+2-S 2” 
n=0 

= 14+2-g(z). 


At this point, we have both sides in terms of g(a). Below, we have the steps that will 
explicitly solve for g(x). 


g(z)—a-g(x) = 1 
g(z)-(@-1) = 1 
gt) = Ty 


If we were to extend this out, we see that this generating function creates the same as 
previously stated. We can say that this is the generating function for the sequence of 
1’s[KOS18]. In this project, we talk about sequences rather than the generating function. 
Note that the coefficients of the generating function, ag, a1, a2, ..., are in fact the sequences 


of {a,,}. This will make for a more simple way to prove the arrays. 


3.2. Convolutions 


Now understanding what a generating function is, and seeing how it can be 
applied, we can start applying the convolution to the generating function. After all, this 
project is on the Tribonacci Convolution Triangle. Since we are constructing a convolution 
triangle based on a sequence of numbers, we must have a solid understanding of the term 


convolution and what it brings to the array[KOS14]. 


Definition 3.2. Let a(x) and b(x) be the generating functions for the sequences {an} and 
{b,}, then: 

a(x) = ap + aya + agx? +0327 +... 

b(x) = bo + bie + box? + bgx? + ... 


By multiplying the two generating functions together, we get: 
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a(x) - b(x) = agbo + (agby + a1bo)x + (agba + ayby + agbo)x? +... 
If we let cy be the coefficients of x” as such, then: 

Co = agbo 

C1 = agb; + aybo 


C2 = agb2 + a,b; + agho 


Cn, = Goby + Q1by-1 + Gabn—2 +... + Qn—abe + Gn—161 + andi 
Then the product of the sequences {a,} and {bn}, {cy} ts called the convolution of {a,} 
and {bn} 


Note, when taking the convolution of {a,,} and {b,,}, the coefficients of {c,} are the sum 
of the coefficients of specified products of {a,} and {b,}{KOS14]. If {a;} = {b;} = 1, 
then we are looking at the sum of 1’s as shown below, which means {c,,} = n, the natural 


numbers. This will become more apparent in the following section. 


gy = agbo 

Cy = agby + abo 

C2 = agbe + abi + abo 

Cn = aoby + aybn—1 + Aabn—2 + ... + An—2b2 + Gn—1b1 + andi 


If {a;} = {b;} = 1, then we are looking at the sum of 1’s as shown below, which means 


{cn} =n, the natural numbers. This will become more apparent in the following section. 


co = 1-1 = 1 
cq = 1-141-1 = 2 
oS Wie ili = 3 
G. = det fied oe fied Sn 


Convolutions have another fascinating characteristic. For generating functions who’s first 
few constants are 0, we start to lose starting points as we take convolutions[KOS14]. For 


example. if we had the following functions 
34 


a(x) = aya + agx* + aga 
b(x) = bia + box? + b3x? +... 


Then the convolution of the sequences {a,,} and {b,}, {cn}, would be 


c(x) = a b,x? + (abe + azb;) ax + (a1b3 + agbo + a3b,) x4 Anite 
Notice that a9 = ai = 0 for the terms ap and aix. Similar things will happen every 


time we start our generating function at a power of x. If we were to start our generating 
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function at 2”, this would offset our convolutions by two terms. If we were to start our 
generating functions at x°, this would offset our convolutions by three terms. Continuing 
this pattern, if we were to start our generating functions at x”, this would offset our 
convolutions by n terms. This will help us out when it comes to proving our patterns 


later in this project. 


3.3. Pascal’s Generating Function 


Recall Pascal’s Triangle as left justified where each column starts one row lower 
than the previous column|KOS11]. Note, the left-most column is made up of all 1’s, the 
second column is made up of the natural counting numbers, the third column is made up 
of triangular numbers, and so on and so forth. In this section, we will find the generating 
function that makes up each column of Pascal’s Triangle. Let us start with a general 


generating functions {a,,} and {b,}. 


a(x) = aya + agx* + agx? + agx* + a5”? +... and 


b(x) = bya + box? + bg? + baat + bsx° +... 
If we let a;=b;=1, for i=1, 2, 3, 4, 5, ..., we have 
a(x) =a2+a?+a3+a4+2° +4... and 
ba) =a+e?+e34+at+a° +... 
It is easy to see a(x) is a great representative of the first column of Pascal’s Triangle as 


left justified, and it’s respective generating function is 
a(t) = e+a?+ae?+attea?t... 


= x 


= l-a 
Now, by definition, the convolution of the first column with itself, let’s say c(x), is 
ale) bla) =" -eta) 
x?(a,b1) + x (aybe + a2b;) + ax*(a,b3 + agbg + a301) Sr Saas 
= a(1)ta272(1+1)+29(1+14+1) +240 +14141) +... 
g +227 + 323 +44 4+ 52° +... 
which makes up the second column of Pascal’s Triangle[KOS18], with generating function 


ge 
c(x) = 2)?" 


The convolution of the first column, a(x), with the second column, c(x), let’s say d(x), is 
a(x)-c(x) = d(x) 
= 27(a1c1) + #3(arcg + ager) + 2*(a1c3 + age2 + a3c1) + ... 
= ax(1)+a7(1+2)4+09(14+24+3)+24114+24344) +... 
= «2430? +623 + 1024+ 152° 4... 
which makes up the third column of Pascal’s Triangle[KOS18] with generating function 
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d(z) = Gp. 
The convolution for the first column, a(x), with the third column, d(x), let’s say e(x), is 
a(z)-d(x) = e(z) 
x? (ay . dy) + x3 (ay -dg+ag-: d) +... 
z(1) +27(1+3)+23(1+3+6)4 
x + 4x? + 10a? + 20x* + 352° +... 
which makes up the third column of Pascal’s Triangle[KOS18] with generating function 


A 


At this point it is easy to see that the generating functions that make up the entire array 
is 
In(x) = Genet 


where the input of n makes up the n“” column. 


3.4 Pell Generating Function 


One of the other sequences of numbers that we need to discuss in this chapter 
are the Pell Numbers[KOS11]. Note the sequence of Pell Numbers follows the definition 
P, = 2+ Py-1+ Ph—2 for n > 3 and P, = 1, Po = 2. 
Let us start with a general generating function{[KOS18]. Let 


Gn. = SS aaa" 
n=1 


CO 
= axtagx? + S An x” 
n=3 


= ayet ax? + S72 -An—1 + An—2)2” 


n=3 
[o-e) (oe) 
= ayxtagu?t ) 2+ anu" + ) An—2X” 


CO CO 
= ayx+agu? +22- y An—12" 1 + x. y Ce lie 


= ax+agx” + 2x - (g(x) — ara] + x? - g(x). 
Letting a; = 1 and az = 2, we have 
g(x) — 22+ g(x)—2?-g(x) = ayx+aox? —2- a,x? 
g(x)- [1-22-27] = «+22? — 22? 


g(t) = Se 
which makes up the generating function for the Pell sequence[KOS11]. 
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3.5 Fibonacci Generating Function 


As previously stated, generating functions are used a lot in this project because 
we can easily see them when we start proving the different patterns. In this section, we 
will find the generating functions that results in the sequence of Fibonacci numbers. We 


start with recalling the definition of Fibonacci numbers[KOS18}. 


Definition 3.3. The sequence of numbers 1, 1, 2, 3, 5, 8, 18, make up the Fibonacci 
sequence and follow the recursive definition of the nt” Fibonacci number, 


Fy = Fn-1 + Fn—2 for n> and Fy =Fo=1 


Now, let us start with a general generating function[KOS18]. Let 
[o-e) 
g(x) = Me Ant” 
n=1 


CO 
= ayx+t+agx? + ) ne 


n=3 
oo 


= ax+agxr?+ Ges + dn—2)z” 


n=3 


CO CO 
= ayxtaou? t+ ) Ane” + ) An—2x” 
n=3 n=3 


CO 
= metage?t+2-S apie” +2°-S° anon”? 


= ayxt+agx*+2- (g(x) — aya] + 2? - g(x) 
= ayxtagr?+ez- g(x) — az? + 27- g(x) 


Letting a; = a2 = 1, we have 


g(a) ee eg ee age) 
g(x) —a-g(a)—2?-g(z) = x+a2?-2? 
g(x) - [Ll — 2 — 27] z 


g(x) = 


which is the generating function for the Fibonacci sequence[KOS18]. 


3.6 Fibonacci Convolutions 


We are starting to see the array form in this section. We bring together 
the sequence of Fibonacci numbers[KOS18], the generating function of the Fibonacci 
sequence[KOS18], and convolution of the generating functions[|KOS14]. As previously 


stated, we know that the function that generates the Fibonacci numbers is the function 
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a(x) = 7a. 


The convolution of this function with itself, let’s say b(a), would be 


a(x) . a(x) a ree? . 3 
2 
te) = (=a 


The convolution of the Fibonacci sequence with b(x), let’s say c(xz), would be 
aa) - b(@) = 


a 
cl) = Gagner 


2 


x . 
l-a—x2 (1—-x—x?)? 


The convolution of the Fibonacci sequence with c(zx), let’s say d(x), would be 
a(z) : c(x) = [9-22 * (1-2—22)3 
a4 
d(z) = qe 


At this point we can see a pattern starting to form. We can now say that 


n 


Gr(&) = Gapaaze 


is the generating function for the n“” convolution of the Fibonacci numbers[KOS14]. 


3.7 'Tribonacci Generating Function 


The sequence of Tribonacci numbers were discussed in a previous section. Since 
this project is finding the similarities in patterns for the different arrays, we need to 
find the generating function of the Tribonacci numbers[KOS18]. Following the same 
steps as we have been in this chapter, we can start with the definition of Tribonacci 
numbers|KOS18]: 

Th = Tn-1 + Th-2 + Th_3 for n > 4 and Ty = To = 1,73 = 2. 


We can start with a general generating function. Let 
(oe) 
Gay = Ss" Ge 
n=1 


CO 
= a¢+ age" +0323 + ) Ana” 


n=4 
oo 


= axt+ agin” + a3x3 + S (an 1 + Gn—2 + An eae 


n=4 


CO CO CO 
= ayxt+agu? + azz? + ) An—120” + ) An—20"” + ) An—3X” 


n=4 n=4 n=4 
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CO 
= aextagz?+agxe+a S Gg 
n=4 


0° 00 
+a? y Gin og 2 y Gn 30"? 
n=4 n=4 


= aya + aga? + aga? + w[g(x) — aye — aga?) + 2? [g(x) — aya] + g(x) 


Letting aj = ag = 1 and ag = 2, we have 


giz) = x+2?+4+23 4 2[g(x)—2 - 2?| 
+2*[9(x) — 2] + 2°9(x) 
g(a)[l—2-—2?-23] = & 
G2). = aes 


which is the generating function for the Tribonacci sequence[KOS18]. 


3.8 Tribonacci Convolutions 


As previously stated, we know that the function that generates the Tribonacci 
numbers|KOS18] is the function 
a(x) = a: 


The convolution of this function with itself, let’s say b(a), would be 


a(x) - a(x) = 1—x Z x 1-2 D x 
2 
b(x) = =< mer 


The convolution of the Tribonacci sequence with (x), let’s say c(xz), would be 
2 
a(x) - (x) = 7a’ (a 2 zy? 
ge 
c(x) = (1—-2—a?—23)5 


The convolution of the Tribonacci sequence with c(x), let’s say d(x), would be 
3 
a(x) - c(x) = =a’ (le 2 3s 
4 
d(x) = =r: 


At this point we can see a pattern starting to form. We can now say that 


nm 


Gn(%) = Grgrata3yr 


is the generating function for the n“” convolution of the Tribonacci numbers|KOS14]. 
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Chapter 4 


Convolution Triangles 


At this point, we can start putting all the pieces together to the puzzle that is the 
Fibonacci Convolution Triangle, and the Tribonacci Convolution Triangle[KOS14]. We 
talked about the sequences of both Fibonacci numbers and Tribonacci numbers[KOS18}, 
which lead to the generating functions of the sequences[KOS18], lastly the convolution of 
each{KOS14]. We can now construct each of the arrays with their respective parts. Let 
us start with the Fibonacci Convolution Triangle, along with some of the observations 


others before me have discovered|HB72][KOS14]. 


4.1 Fibonacci Convolution Triangles 


) 


The first, left-most column is the entries of Fibonacci Numbers, let’s say Foe : 
The next column results in the convolution of FO and FO let’s say FO, The third 
column results in the convolution of FO) and FO denoted FO), The fourth column 
results in the convolution of FO) and FO), denoted FR), At this point we start to notice 
a pattern. Since we start with the column labled FO). each column is labeled one less 
than the actual column it is in, and is a convolution of the first column and the previous 
column. Here forward, we say that the m” column, donoted gory. is the convolution 
of FO) and no thus giving us the array in Table 1[KOS14]. 
Notice we have the table left justified and offset by one row. As mentioned in Chapter 
3, depending on where the first generating function starts, we will have the tables off- 
set by the numerator of the generating function. In this case, we have the generating 


function{[KOS14] g,(«) = ——* 


(ca—a)F 
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FO) | FQ) | pe) ] FB) | pA) 


Ne 

Me aouwnre 
me 
(on) 


34 130 | 233 ) 256 | 190 
55 235 | 474 | 594) 511 
89 | 420 | 942 | 1324 | 1295 
144 | 744 | 1836 | 2860 | 3130 
233 | 1308 | 3522 | 6020 | 7285 


Table 4.1: Fibonacci Convolution Triangle 


4.1.1 Sum of Pascal’s Triangle Rows 


One of the first observations Koshy talks about in his book is that the sum of 
the rows of Pascal’s triangle are the Fibonacci numbers[KOS14]. In order to see this, we 
must first see the set up of Pascal’s triangle. Recall from Chapter 1, we have Pascal’s 


triangle left justified and offset by one. 


Table 4.2: Pascal’s Triangle Left Justified 


Go) |G) |G) |G) | |) 


Dwr 
— 


ee ) 


or WN 


ro 
j=) 


10 5 1 


Now, if we were to offset the array by two positions we would have the table below. In 
order to see the Fibonacci numbers in Pascal’s triangle, we must arrange the array in this 
specific way. Notice that the start of each of the columns begins two rows below the start 
of the previous column. The right-most column consist of the sums of each of the rows. 


As discussed in Chapter 3, the Fibonacci sequence is the recurrence sequence which is 
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made up of the sum of the previous two numbers|KOS18]. We have the sequence 1, 1, 2, 
3, 5, 8, ... as the first few terms of the sequence[KOS18]. Notice, if we were to continue 


the sequence, we would have the same numbers as seen in the right-most column. 


Table 4.3: Pascal’s Triangle Left Justified 


GEEGEEGREGREGREORES™ 
1 1 
1 1 
1 1 2 
1 2 3 
1 3 1 5 
1 4 3 8 
1 5 6 1 13 
1 6 10 21 
1 7 15 10 1 34 
1 8 21 | 20 5 YS) 
1 9 28 | 35 15 i) 89 


At this moment, we can see if what we see is true. Recall from Chapter 4, we said that 
the generating function for Pascal’s triangle is g(x) = wer Since gr(x) = ae is 
the generating function for Pascal’s triangle[|KOS18] where each column starts two rows 


below the start of the previous column. We can say that 
(oe) 


oO 2 
2, ale) = » (1 _ arti 
oo 52 
= relLG =) 


r=0 
Recall that the sum of a geometric series is as follows 


CO 
S vao(r)” = 7%. 
=0 


n= 
Now, applying that same concept to this problem, we can easily see that 
(oe) 


x2" as 1 
(I-a)"tt ye? 


—-x 


r=0 
which forces the following 


one) 
5 = af 1 
Gr (2) = 1l-x : 1 xe 
rare hie ae 
= (=a) —2? 
1 


~~ [=e—2? 
Which is the generating function for the Fibonacci numbers as discussed earlier[KOS14]. 
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4.1.2 Pascal Meets Fibonacci 


One of the other proofs Koshy talks about is the convolution of each row of 
Pascal’s triangle make up the Fibonacci convolution triangle[|KOS14]. Let us start with 
Pascal’s triangle left justified. Notice how each of the empty spaces above each column 


are filled with zeros. 


Table 4.4: Pascal’s Triangle Left Justified 


(a) |G) |G) |G) |G) |) 
1fo},of}o]o]| 0 
Hi sat 0022) O00 
dpe fe || <b lex 208% |] 30 
16, lee 28a] ae SOs I 60 
Be Ml Ge || el (al N50 
1} 5 |i0}/10} 5] 1 


Each of these columns are going to be the multipliers to Pascal’s triangle offset by two 
rows[KOS14]. Notice each of the columns start two entries below the start of the previous 
column. We can see the fixed Pascal’s triangle that will be used to multiply each of the 


entries of the columns. 


Table 4.5: Pascal’s Triangle Left Justified and Offset by Two Entries 


ty) @) |G) |G) |G) |G) 
1 

ft.) 

1 | 2 

De Wiesel) a 

ie | vB 
1f5|6)]41 

1 | 6 |10) 4 

a Il) 7 aes | 0: | a 

1 | 8 | 21 | 20 

1] 9 | 28 | 35] 15 | 1 


Using this fixed array, let us multiply each entry by the first column of Pascals triangle 
then add the rows to a single entry. This will make up the first column of the Fibonacci 


convolution triangle|KOS14]. 
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Table 4.6: Pascal’s Triangel Offset by Two Entries 


1T)/i}1).1)i1i4i1 
1 

1 

1) 1 

1 | 2 

1), 3}1 
1)4) 3 
1)/5}] 6] 1 
1|;6) 10) 4 
1) 7) 15] 10) 1 
1) 8} 21) 20) 5 
1| 9} 28) 35/15] 1 


As you see here the first entry in the first column will be multiplied with all the entries in 
the first column, the second entry in the first column will be multiplied to all the entries 
in the second column, the third entry in the first column will be multiplied to every entry 
in the third column, ..., the n“ entry in the first column will be multiplied to every entry 
in the n“” column, ... , then all entries in each row will be added together. This will make 


up the first column of the Fibonacci convolution triangle[KOS14]. 


Table 4.7: First Column of Fibonacci Convolution Triangle 


1 1 1 1 1 | sum 
1-1 1 
1-1 1 
11 + 41-1 2 
11 + 1-2 3 
11 4+ 13 4 #1 3) 
11 4+ 14 4 = «1:3 8 
11 + 15 + 16 4 41-1 13 
11 + 16 + 110 + 1-4 21 
11 4+ 17 + #2115 + #110 4+ 42114 34 


Notice the right-most column above. Those are the numbers of the Fibonacci sequence[KOS18]. 
Which is what we were looking for. This is very similar to the first observation Koshy 
mentioned in his book{[KOS14]. Since we were using a column of all 1’s, we were looking 
at the sum of Pascal’s triangle rows. Fascinating, but we are looking for the Fibonacci 


convolution triangle. Let us see if we are on the right track with the next column. We 
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are going to apply the same steps as the previous table to the next table, but this time 
we will use the second column of Pascal’s triangle. We are going to use the first entry in 
the second column to multiply with all the entries in the first column, the second entry 
in the second column will be multiplied to all the entries in the second column, the third 
entry in the second column will be multiplied to every entry in the third column, ..., the 
n‘® entry in the second column will be multiplied to every entry in the n“” column, ... , 
then all entries in each row will be added together. This will make up the second column 


of the Fibonacci convolution triangle[KOS14]. 


Table 4.8: Second Column of Fibonacci Convolution Triangle 


0 1 2, 3 4 | sum 
0-1 0 
0-1 0 
0-1 + 11 1 
0-1 + 1-2 2 
0-1 + 13 +4+ 2-1 5 
O01 + 14 + 2:3 10 
O01 + 15 + 26 + 3-1 20 
O01 4+ 16 + 2:10 4+ 3-4 38 
O01 + 1-7 4+ 2:15 + 3:10 + 41) 71 


Notice the first two entries of the second column are zeros. This tells us we are offset- 
ting the second column of the Fibonacci convolution triangle[KOS14] by two rows, which 
means that we are going to start the second column two rows below the start of the first 
column. If this pattern continues, we will have the start of each of the columns starting 
two rows below the start of the previous column. I also see that these are indeed the same 
entries of the second row of the Fibonacci convolution triangle[KOS14]. If we continue 
the pattern we should get the third column of the Fibonacci convolution triangle[KOS14]. 
We start with using the first entry in the third column to multiply with all the entries 
in the first column, the second entry in the third column will be multiplied to all the 
entries in the second column, the third entry in the third column will be multiplied to 
every entry in the third column, ..., the n“ entry in the third column will be multiplied 
to every entry in the n“” column, ... , then all entries in each row will be added together. 


This will make up the third column of the Fibonacci convolution triangle[KOS14]. 
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Table 4.9: Third Column of Fibonacci Convolution Triangle 


0 0 1 3 6 | sum 
0-1 0 
0-1 0 
0-1 + O1 0 
0-1 + 0-2 0 
0-1 + 038 + 41-1 1 
0-1 + 04 + 1:3 3 
0-1 4+ 05 + 16 4+ 3-1 9 
0-1 + 06 + 1-10 + 3-4 22 
0-1 + 0-7 + 4115 + 3:10 + 61) 51 


The first four entries of this column are made up of zeros. This gives us more evidence 
that each of the columns generated in this way are offset by two rows. The other entries 
are the same entries of the third column of the Fibonacci convolution triangle[KOS14]. 
Let us try this one last time to truly see the pattern. Let us use the first entry in the 
fourth column to multiply with all the entries in the first column, the second entry in the 
fourth column will be multiplied to all the entries in the second column, the third entry 
in the fourth column will be multiplied to every entry in the third column, ..., the n‘” 
entry in the fourth column will be multiplied to every entry in the n“” column, ... , then 
all entries in each row will be added together. This will make up the fourth column of 


the Fibonacci convolution triangle[|KOS14]. 


Table 4.10: Fourth Column of Fibonacci Convolution Triangle 


0 0 0 1 4 | sum 
0-1 0 
0-1 0 
0-1 + O-1 0 
0-1 + 0-2 0 
0-1 + 03 + 40-1 0 
0-1 + 04 + 0383 0 
0-1 + 05 + 06 4+ = £=I-1 1 
0-1 + 06 + 010 + 1-4 4 
0-1 + 0-7 + 015 + 110 + 41) 14 


At this point, we can gather the information we have to see if what we have is indeed 


the Fibonacci convolution triangle[|KOS14]. The table below is made up of the columns 
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we just created by the multipliers and sums of the rows. This table is the Fibonacci 


convolution triangle offset by two rows[KOS14]. 


Table 4.11: Fibonacci Convolution Triangle 


FO) | pQ) | pe) |] FC) 
1 0 0 0 
1 0 0 0 
2 1 0 0 
3 2 0 0 
5 5 1 0 
8 10 3 0 
13 20 9 1 
21 38 22 4 
34 71 ol 14 


It seems as if we have constructed the Fibonacci convolution triangle[KOS14] in this 
way, however, we need to prove this to be true. Since g,(x) = Gant is the generating 
function for Pascal’s triangle where each column starts two rows below the start of the 


previous column, and we input Ae we get the following 


7 ) 
(ite) = a2 


~ 
an 
8 
ic 
~ ~~ 
= 
t 
in 
~ 
_ 
| 
8 
J 
= 
4 


Lastly, by dividing both sides by (1 — x), we have 
2 2r 
ee or (G55) = era 


Which is the generating function for the rth column of the Fibonacci convolution triangle[KOS14]. 


4.1.3. Fibonacci Meets Pell 


In his book, Koshy talks about a discovery where the sum of the rows in the 
Fibonacci convolution triangle make up the Pell sequence[KOS14]. Recall the sequence 
of Pell numbers[KOS11] as the sequence of 1, 2, 5, 12, 29, 70, ... The table below gives a 
visual of the situation. 

This pattern seems to work with the Fibonacci convolution triangle being left justified 


and offset by one row[KOS14]. This will be helpful when proving the conjecture. Since the 
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Table 4.12: Sums of Fibonacci Convolution Triangle Result in Pell Numbers 


FO FO FR) FC) FY FO) FO FM | Row Sums 

1 1 

1 1 2 

2 2 1 5 

3 5 3 1 12 

5 10 9 4 1 29 

8 20 22 14 1 70 

13 38 51 AO 20 1 169 

21 71 111 105 8 65 27 7 1 408 


r*? column of the Fibonacci convolution triangle is modeled by the generating function 


g(a) = cereal then the sum of the rows of the Fibonacci convolution triangle is 
modeled by[KOS14] 
(oe) [o-e) a 
S- or(2) = » (l—av—2?)rt1 
r=0 r=0 
1-2-2? mE (1 Ligne x2)r 
= x 
= 1 
l—a2—22 5. 1 r— 2) 
r=0 


Recall that the sum of a geometric series is as follows 


(oe) 
dla0(r)” = fe. 
n=0 


Which means we have the following equivalence 
[o-e) 


Ss" ( x ae = ie 
l-a—-z Aiea 


r=0 
and thus we have the following 


lo) 

= 1 1 
: | Or (2) ~~ JHgHa2 I z 

1—-a2—x2 
r=0 
1 
(l—a@—a?)—a 
= 1 
~~ [=2a—22 


which is the generating function of the Pell numbers[KOS14]. 


4.1.4 Fibonacci meets Tribonacci 


Another proven pattern Koshy talks about is the sum of the rows adding to the 
Tribonacci sequence of numbers|KOS14]. In this case, we must first get the Fibonacci 


convolution triangle as left justified and offset by three rows as seen in the table below 
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Table 4.13: Sum of Rows in Fibonacci Convolution Triangle are Tribonacci Numbers 


FO FO F®) |] Row Sums 

1 1 

1 1 

2 2 

3 1 4 

5 2 7 

8 5 13 

13 10 1 24 
21 20 3 44 


Notice that the columns are offset by 3 rows. Even though the pattern looks to be this 


exact pattern, we must prove the conjecture. Since the r“” column of the Fibonacci 


convolution triangle is generated by the function g,(xz) = ace yt then we can easily 
use the function g,(x) = cee to generate the Fibonacci convolution triangle where 


each column starts three rows below the the start of the previous column|KOS14]. Now, 


the sum of each of the rows. 
CO CO 


2, al) = Ss" (1 = — grt 


T—a2—a2 " pt 


1 
(l-a2—2?)—23 
1 


1-2-2? —23 


which is the generating function of the Tribonacci numbers[KOS14]. 


4.2 Tribonacci Convolution Triangles 


Tribonacci convolution triangle is first set as left justified, and aligned at the 
top to where the first row of numbers all result in 1. The first, left-most column is the 
sequence of Tribonacci numbers[KOS18], we say el, The next column results in the 


convolution of TO) and T, 0) let’s say TD | The third column results in the convolution 
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of To) and 7): we say Te), The fourth column results in the convolution of po) and 
Te) we say 73). Noticing the same symmetry from the Fibonacci convolution triangle, 
we see that each column is labeled one less than the actual column it is in, and is a 
convolution of the first column and its previous column. Here forward, we say that the 


m* column, denoted T, Ny is the convolution of Ep). thus forming the array 
in the Table below[KOS14]. 


Table 4.14: Tribonacci Convolution Triangle 
TO) | TAQ) | FR) | Pe) TA) 


4.2.1 Tribonacci Meets Fibonacci 


In his book, Koshy got the Tribonacci sequence from the Fibonacci convolu- 
tion triangle fairly easily[KOS14]. He wanted to know if there was a way to get to the 
Fibonacci sequence out of the Tribonacci convolution triangle. Recall the Pascal Meets 
Fibonacci proof from section 4.1.2. In that section, we used columns in Pascal’s triangle 
as multipliers to get us the Fibonacci convolution triangle[KOS14]. We can use a sim- 
ilar process to get the Fibonacci convolution triangle from the Tribonacci convolution 
triangle|KOS14]. The main difference is in the columns we use as multipliers and the 
array we use. Rather than using all positive multipliers, as we did in the other example, 
we will alternate from positive to negative multipliers. This will help us get the numbers 
we wish for the Fibonacci convolution triangle[KOS14]. Below we see the convolution of 
the first column that makes up Pascal’s triangle and the Tribonacci convolution triangle 


to make up the first row of the Fibonacci convolution triangle[|KOS14]. 
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Table 4.15: First Column of Fibonacci Convolution Triangle 


1 -1 1 Sums 
1-1 1 
1-1 1 
1-2 2 
1-4 - 1-1 3 
1-7 - 1-2 i) 
1-13 - 1-5 8 
1-24 - 1-12 4+ 1-1 13 
1-44 - 1-26 + 1:3 21 


This makes up the first column in the Fibonacci convolution triangle[KOS14]. Doing the 


same action using the second column of Pascal’s triangle, we have the table below. 


Table 4.16: Second Column of Fibonacci Convolution Triangle 


0 1 -2 | Sums 
0-1 0 
0-1 0 
0-2 0 
0-4 4+ 1-1 1 
0-7 + #1-2 2 
0-13 + 1-5 5 
0-24 + 1-12 - 2-1 10 
0-44 + 1-26 - 2-3 20 


This makes up the second column of the Fibonacci convolution triangle|KOS14]. Again, 


we construct the third column in the same way. 


Table 4.17: Third Column of Fibonacci Convolution Triangle 
0 0 1 | Sums 


SSS)... O76°9 

NSN BPN Rr 
aN HE 

HOSS: SSS 


oo 
| 
T 
29'S 


bo 
ws 

| 

T 
an 
bo 
+ 
—_ 
_ 
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At this point we can say we have enough evidence to gather the columns and call it the 
Fibonacci convolution triangle[KOS14]. The table below is the columns we constructed 


in the previous steps and gathered in their respective order. 


Table 4.18: Fibonacci Convolution Triangle 
FO) | pO | pe) 


1 0 0 
1 0 0 
2 0 0 
3 1 0 
5 2 0 
8 5 0 
13 10 1 
21 20 3 


Here, we can visually see the pattern forming, but we have to rule out the fact that it 


was just coincidence. We start with Pascal’s generating function[KOS18]. Since g,(a) = 


re is the generating function for Pascal’s triangle where each column starts one row 


below the start of the previous column. Since we are alternating between positive and 


negative numbers, we must look at the negative input of x. 
= = (=2)" 
w(t) = GCap 
(-—1)"a" 
(1+a)rtt 
Recall that the generating function for the Tribonacci sequence[KOS18] in this problem is 


I) = oe Let us input the Tribonacci sequence into Pascal’s triangle generating 


function[KOS14]. 


3 


n 
x = Goa 
Ga = a _ 
neg? a8) 
= (es) (8) 
ope x3 yntt  (l-a—22—28)nH1 
Gap 
= (1—a—x? —23) x3" 


By dividing both sides by (—1)"(1 — x — 2? — 2) we get 
gn 
9n(x) = (-a—a2yrFT 


Which represents the generating function where n is the column of the Fibonacci convo- 


lution triangle[KOS14]. 
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Chapter 5 
Our Findings 


One of the most difficult parts after finding a pattern was finding a way to prove 
what I had found. The book I had been looking at worked with the column generating 
functions[KOS14]. Then I came across a journal article from Hoggat and Bicknell that 
found the convolution triangles in row generating functions[HB72]. Hoggat and Bicknell 
proved their finding in a different way, however, I believe I have made the process more 
simple. Let us start with a brief explanation of what we need in order to find the terms 
themselves. We need a way to write the rows so that we can find the individual terms. 
The way Hoggat and Bicknel{HB72] found it was through the function g(x) = ae 
Writing the function in this way will open the opportunity to find the m*” term in that 
row. Later in this chapter, we will prove the relation Ry, = cue where JN, is the 
numerator of the row generating function[HB72]. This table comes from the generating 


function expansion since the m‘” term of a generating function comes from 
a 1 
= (lt+uta?+---+a™+4--.)” 
= CEC Net CHa book (MEA Om pon) 


Therefore, the term itself is the coefficent C™ = ae NG, 


Notice that in this way, we are able to find each individual coefficient. Table 5.1 is a 


visual of what each of those terms would look like[MER0O3]. 
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Table 5.1: Term Coefficients for Row Generating Functions 


C9) oie) Cc?) me alg) 
Hi | Dey ee | ae VeNe ee)an 
Ra | 1+Na | (4) No | C4) Ma | | OY) Na 
Rs | 1-N5 | C4) -ns | CARY vg | | OE) os 
R, 1. N, (Hel). Ny, ae ae He CSM 


5.1 Fibonacci Convolution Triangle 


The first thing we need to show is that there exists row generating functions 


rather than column generating functions. This is easily proved through st induction[POL81]. 


5.1.1 Row Generators 


We can start the process by seeing the difference and similarities in rows. We 
can start with the very first row. Notice it is a row of ones. Since we have proven this 
relation in a previous chapter[KOS18], we can say Ry = —— The second row is a row 
of the natural numbers, which is similar to the second row of Pascal’s triangle[KOS18], 
which would make Ry = Gay We start to notice a pattern in the third row|HB72]. If 
we were to offset the third row by one column, and add it to the previous two, we would 


get the third row as shown below[HB72]. 


Ree a tH ah. 
Re. Di De ass 2k) 2G 
aS hts 25 9 14 
Rs 9 5-9. 14-20 


This pattern worked for the third row, let us see if it works out for the fourth row[HB72]. 


Ro 1 2 3 4 ~=«5 
Rg 2 5 9 14 20 
+ Rg 3. 10 22 40 
R4 3 10 22 40 65 


Continuing this for the following row would yield 
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Rg 2 5 9 14 20 
R4 3 10 22 40 65 

+ £5 5 20 51 105° 
Rs 5 20 51 105 190 


At this point, we can say that each row, starting with the third row comes from the 
pattern R, = 7- Ry, + Rn; + Rn—2 which would give us Ry, = Eases Let us find 
the first few rows[HB72]. 

R= 


Ry = R3+Re2 


(1-2) (1—2)3 
= —22 
~  (l-«)4 
Rs = R4at+R3 
gon 2-2 


(3-—2x)+(2—«) (1-2) 
(i—«)(I-2)4 
3—24¢42—32+2? 
(1-2)? 
5—5a+ax2 
(l=)? 


Notice that the degree of the denominator of the n“” row is n. If we were to separate the 


numerator from the denominator, we would have R,, = aa for some numerator N,,. If 


we were to take the numerator as the sum of the two numerators of the rows, we notice 


that we have the sum of two quotients with different degrees in their denominator[HB72]. 


This seems to follow the relation of R, = au = eee oe where the numerator 


of the n*” row is N, = Nn-1+ (1—2)Nn—2. We will use this relation to help prove our 


findings. 


5.1.2 Sum of Rows for the m" Term 


In this section, we talked about the findings Hoggat and Bicknell talked about 
in their journal article[HB72]. They originally found this relation, however, I found a way 


to make it a little easier to prove. Notice the highlighted entries in the table below. 
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Table 5.2: Sum of Rows 
FO) | FQ) | pe) ] PC) ] Pe) 


( 
Ry 1 
Ro 1 
Rg 2 5 9 14 20 
Ra 3 
Rs 5 
Re 8 


For each entry in the m*” column, we have the sum of the two rows above it, up the 
the m*” entry of their respective columns resulting in the m*” term that we speak of. 
For example, notice in table 5.2, we have the sum of the two rows above the entry 40 
resulting in 40. We can prove this with induction. Recall table 5.1 which shows the m‘” 
term in the n“” column through the coefficients of the generating functions. Using those 
coefficients, we can solve this relation by induction. In order to prove this by induction, 


we must prove the two different shifts. A horizontal shift in terms and a vertical shift in 


terms. Before we start, let’s note the following equivalence: 


Ce = (mt) Na 
= os a aye Nn—-1 + (1-—2)Np 2| 
= aes Nn +(" Be Nes 
(er Ne “1+ (may ny, 2 
(4 


We know by the table that C; ) — 20. The following is an example of the relation above: 
443-1 
Cs as C4 4 te 
7 CA os ee ma C 1 7)Ns-2] 
a a Ns 
= ()M+C)M 
= 15No+5N, 
= 154+5 
= 20 


We want to prove the m‘” term in the n*” row is the sum of the two rows above it. We 
will first prove the horizontal shift in terms. 


Step 1: Prove the first term of the series. In this case the first term we can apply the 
(0) 


rule to is C3 
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oy = ae Nz 
(9) Na 
= 1-N, 
Now that we have the LHS, let us see what the result of the RHS is. 
(ee ms Ni aa (042 Ms No a5 eres . N3 


= 1-N3 
Since we got the same results for the two sides, we have proven the first term to be true. 


Now, we have to check the entire rule. 


Step 2: Assume on ) is true, prove cur!) 
We take the following to be true. 
(1 ee C _ ‘) a (? se ") eee a (ees) SNe 5 
= k+n—-1 N. 
1+n-1-1 2+n-1-1 k+n—-1-1 ap Oe) . 
(Lae 1 yaa 2 Gee k 2 Naa 
If we simplify, we get 
ECHO + OEY) Mee 
n—-1 n k+n—2 ana ( i ) Nn 
(1+ ( 1 )+() _ ( k ))-Nn-1 


We must now prove for the term OO, The RHS is fairly easy to prove. 


ce = (ET) Mn 
a (eit) Nn 


(k+1) 


Now we prove that the sum of the two rows above Ch, Gere 


results in Cy, 


Ces rie aes NY pee. (ROM ye Gare \) -Nn—2t+ 
Gel? Wea (Arr By eases (Pt) ob (RT) Nd 


seer a6 ind 
i are eee eee) Eee 


By the rule of induction, we substitute and get 
kt kt+n-1 kt+n—2 
eee per) et ae 


By the rule of the n*” term, we have 
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HE) in + OL) Me 


Lastly, by Pascal’s identity, we have 


k+ 
(a1) “Nn 
Since C) - Nn = Ge) - Np, we can say that the sum of the two rows above the om 


) 


term results in Cr for a horizontal shift in terms. 

Now that we proved this relation to be true in the rows, let’s see the proof by 
induction for the shifts in columns. In this case, we will prove the first column to be true. 
Note that the first column is the Fibonacci sequence. Knowing that every entry is the 
sum of the two entries above it in the first column, we can shift horizontally to prove this 
conjecture works for every entry in the Fibonacci convolution triangle. 

Step 1: Prove the first term of the series. In this case the first term we can apply the rule 
to is cf), We know this to be true since we have proved this for the horizontal shifts in 
the array. Let’s move on to step 2. 


(0) 


Step 2: Assume Ch (0) 


is true, prove Ch, 


We take the following to be true. 


one N, = ae Nee + Cre) Ne 


When we simplify we get 


(SO) Ne = (CO?) Nea t+ C0) Ni-2 
Now we prove CN to be the sum of the two numbers above it. Let’s start with 
the LHS. 
(0) 0-4+K-+4+1-1 
Ca = ( 0 ) Nes 


When we simplify we get 


() Ne41 


By the relation of the N,,, we get the following 
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(5) -[N, + (1 — £)Nx-1] 


= (0) Net ("9')Ne—1 
When we simplify we get 


1-Ny+1-Np-i 
= Net Ne-1 


Now that we have the result for the LHS, lets see the result of the RHS. 


(0) O+k—-1 0+k-1-1 
Chest ("9 )Ne si 0 )Ne-1 
= Mo Ne + (0°) Net 
1-Ny+1-Np-1 
= Ne+Ne-i 
Since we proved the horizontal shift to be true, and since the LHS=RHS, we know that we 


can use this conjecture to generate the entire Fibonacci convolution triangle. Therefore, 


the sum of the two rows up to the m*” entry above om”) is ee 


5.1.3. The Sum of Distinct Term for the m*” Term 


If you were to offset the columns by two rows, we would have the following table. 


Table 5.3: Sum of Terms Offset by Two Rows 


FO) | FQ) | Fe) ] Fe) 
1 

1 

2 1 

3 2 

5 5 1 

8 10 3 

13 20 9 1 
21 38 22 4 
34 71 51 14 
55 | 130 | 111 | 40 
89 | 235 | 233 | 105 


Notice that in this table, we have a few cells highlighted. The sum of 105 = 40+14+51. 
More importantly, each term is the sum of the two entries above it, and the entry to the 


left of the highest one. It might be a little hard to see this one, so we have the table 


38 


below to show us where those numbers came from. 


Table 5.4: Sum of Terms 
FO) | FQ) | pe) ] FC) ] Pe 
1 1 1 1 1 


co oW NF 
ra 
So 
iw) 
i) 
PN 
o 
D> 
ol 


Here we can see that it generates the first few entries, but does it generate the entire 
array? We can prove this through induction in two cases. First for the horizontal shift, 
then for the vertical shift. 

We want to prove that om” = Ce) +C ut + Ce. Let us first see the case 
of the horizontal shift. 
Step 1: Prove the first term which, in this case is a 


We can start by seeing the result of the LHS. 


of) = a) Ng 
= (1) -N3 
Now, let us see the result for the RHS. 
CP +c CP = CH Net (AT) Na+ CH) 
a (0) Na+ Co 1 ) Ns 
a (9) ee) “N3 
= 3 


(1) : 
Since @) : N3=(%) - N3, we can say that the relation works for the first term. Now that 


we have finished the first step, we can now move on to step two. 


Step 2: Assume ol) is true, prove Ce) 


We take the following to be true. 
Ce = CP USO BOs 
CY Ra = CRE Ta OER Ra (MEE Bs 
n— ‘ N, 
k n 


eT) Nn + (OE) Naa + (MR) Nn 


Next we prove the relation for the oo) term. Let us first start with the LHS. 
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Ont) = (MET) Na 
= (8) %, 


=e CR 
Now that we have the LHS, the next thing we do is see if we get the same result for the 
RHS. 


Ca) + oe: + oe 
= apy ns Re) at OE) my 


When we simplify we get 
_ (k+n=-1 kt+n—-1 kt+n—2 
= (RD) Na + CR) Nn + CET) Nn-2 
By substituting the n“” numerator we get 


= OE) vat OE) Nn 


When we simplify we get 


= (yi) Nn 


Since G2) . NSCs) - Nn, we can say the relation holds true for the horizontal shift. 


If we were to do the proof for the vertical shift, we can see that if we prove this relation 
for the first column, we can prove it for the entire array. Notice, if we were to take the 
two terms above the first term in the n*” row, we have the exact proof we proved in the 
previous section. Note, that the entry to the left of any term in the first column is zero. 
Therefore, we have already proven the relation to be true for the vertical shift. Therefore, 
each term in the array can be made up of the two numbers above it and the one to the 


left of it. 


5.2 Tribonacci Convolution Triangle 


The Tribonacci convolution triangle is very similar to the Fibonacci convolution 
triangle in that it is made up of column generating functions of Tribonacci numbers[KOS14]. 


Again, Hoggat and Bicknell proved the following proof, but they did it in such a way that 
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made it more difficult to understand[HB72]. I used the row generating function they 
found and used induction to prove both their findings, and my own. We can start with 


the row generating function|[HB72]. 


5.2.1 Row Generators 


Picking up parts from the Fibonacci row generating function{HB72], we can see that the 
first three rows of the Tribonacci convolution triangle are the same as the ones we found 
in the Fibonacci convolution triangle. We start seeing a difference in the 4“ row. Similar 
to the Fibonacci convolution triangle, if we were to offset the fourth row by one column, 
and add it to the previous three, we would get the third row[HB72]. Below is a visual of 


what I am stating. 


Ri 1 1 1 1 1 

Ro 1 2 3 4 ~=«5 

Rg 2 5 9 14 20 
+ Ry 4 12 25 44 


Ra 4 12 25 44 70 
This pattern gives us the fourth row. Let’s see if this works for the fifth row. 
Rg 1 2 3 «4 5 
Rg 2 5 9 14 20 
Ra 4 12 25 44 = 70 
eo Hite 7 26 63 = 125 
Rs 7 26 63 125 220 
This gives us the fifth row of the Tribonacci convolution triangle|HB72]. Let’s give it one 


more try before we see the pattern. 
R3 2 5 9 14 =. 20 
Ry 4 12 25 44 = 70 
Rs 7 26 63 125 220 
+ Re 13 56 153 336 
Rg 13 56 153 336 646 
At this point, it is safe to see the pattern[HB72] we have found to being R, = x- Ry + 


Rn-1+Rn-2+Rn-3 
(1-2) 


. Similar to the Fibonacci 


Rn—-1+Rn—2+Rn—3 which would give us R, = 


convolution triangle we can say that R, = au for some numerator N,. This will allow 


us to use the coefficient chart in the beginning of the chapter. It also seems to follow the 


= =e \2 
relation R, = ayn — Net engl 2)"Nn-3 where the numerator of the n‘” row 


is Ny, = Nn-1 + (1 _ £) ING + (1 a x)? Ny_3- 


Al 


5.2.2 Sum of the Rows for the m” Term 

Each of the terms in the Tribonacci convolution triangle are the result of the sum of the 
three rows above it up to the that term[HB72]. The table below is a good representation 
of the situation. 


Table 5.5: Sum of Rows 
TO) | PQ) | 7R) | 7S) ] 7A! 


Notice that 125 = (1+2+3+4)+(2+5+9+14)+(4+12+25+44), which is the sum of the 


three rows above 125. This generates the entire Tribonacci convolution triangle. This 


can be easily proven by induction as shown below|HB72]. Before we start, let’s note the 


following equivialence: 
Crys 


| 
# 


; [ani a (1 = £)Nn—2 +b (1 — t)*Nn—3] 
Nn—1 a Gee) ‘a ot (amon Fee 
TY Nn-1 ah (ee) Ns Ae Cae) Neos 


= 
#3 38 33 3 


m 


+ 3S 


We want to prove the m‘” term in the n” row is the sum of the three rows above it. 


Step 1: Prove the first term of the series. In this case, the first term we can apply will 


be eye Let’s start with finding the LHS. 


nore ey 
= Gy) “Na 
= 1-N, 
Now that we have the result for the LHS, let’s see what we get for the RHS. 
ou) a Cc) + oo = Coreen a (C724) Ni, a CNS 
_ 041-1 
~ ( 0 )Na 
= 1-N, 


Since N4 = N4, we can say that the conjecture is true for the first term. The next thing 


we have to do is prove the general case. 


Step 2: Assume ol) is true, prove Cert) 


We take the following to be true. 
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Ga ae eee an, at 
HNN, = (EOI CSE pg CH) ot 
eC ae ge esta 7 )) Nast 


1) + (2) to + (ED) Nn-at 
Op Nee Car a) hese) eset 
(+ () +) Fe + OEY) Neat 


The next thing we do is prove the following term. Let us start with the LHS. 


er = md aah ‘) : Ne. 
= (gyi) Nn 
Now that we have the LHS, let’s see what the result of the RHS is. 
Ge 1 eG a Lares ‘i aS 1 et re 1). Naat 
2-1 1+n—2-1 
a Comm omar tl + CET) Mt 
hey Te 2 picker a 2c k+1 )-Nn-1 
After simplifying, we get 
1+ CT) Ca ED + CRED) “Naot 
(ae) Ca eset Re pen) Naar 
GAC Geert OE Cir Mn 
By the induction hypothesis, we substitute and get 
(PH) Nn + tr) Nn + (PEE) Naa + CETT) Nn—s 


By the definition of the n“” numerator, we substitute and get 
kt+n-1 kt+n-1 
(OE) Nn + ORT) Nn 

Lastly, by Pascal’s identity, we have 


(iy) Nn 


Since Ne = Na, we have proven the sum of three rows above any given term 


makes up the entry in the case of a horizontal shift. 
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Now let’s prove the relation for a vertical shift. 


Step 1: Prove the first term of the series. In this case the first term we can apply the rule 
to is Cc), We know this to be true since we have proved this for the horizontal shifts in 
array. Let’s move on to step 2. 

Step 2: Assume co) is true, prove oo. 


We take the following to be true. 
CC) Ne te Ce ies 4 Cie) Neat (CHE Sings 
-1 k-2 k—3 k—-4 
( 0 )Ne = ( 0 )Na-1 + ( 0 )Ng-2 + ( 0 )Np-s 
Now we prove CG) to be the sum of the two numbers above it. Let’s start with the LHS. 
k+1 
(0) 0-+K-+4+1-1 
Ce ae ( 0 )N, k+1 


By simplifying, we get 

(0) Newt 
By substituting the n*” numerator, we get 

(6) - [Ne + (1— @) Nga + (1 — 2)? Nua] 
By distributing, we get 

(0).Ne + ("9") Ne-1 + Co") Naz 


By simplifying, we get 


Le Wg Le Ngai Te Nipco 
= Net Ne-1t Neo 
Now that we have the result for the LHS, lets see the result of the RHS. 


GM. ts (Cte) Ny, + (Che Ns 4 (ee PDE 


By simplifying, we get 
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k-1 k-2 k-3 
( 0 )Ne + ( 0 )Ne-1 + ( 0 )Ne-2 
= 1-Ne+1-Np-1+1-Ng_e 
= Net Ne-1+Npg-2 
Since the LHS=RHS, and since we proved the horizontal shift, we know the sum of the 


three rows up to the mth entry above om is oie 


5.2.3. The Sum Distinct Terms for the m‘” Term 


In order to see the actual pattern, we must first see the Tribonacci convolution 
triangle as left justified, and offset by three rows as in the table below. This allows us to 


see the distinct terms that make up the m*” term in the n‘” row. 


Table 5.6: Sum of Terms Offset by Three Rows 
TO | POD | PR) ] 7S) | re 


1 

1 

2 

4 1 

7 2 
13 5 
24 12 1 
44 26 3 
81 56 9 


In this case, we see 125 = 44 + 14 + 4 + 638. It is easy to see the pattern forming, but 
we should see these numbers on the simply left justified Tribonacci convolution triangle 
as show below. 


At this point, we want to prove cm) = cl? 5 on om) or. Let’s prove this 


by form of induction. We want to prove the m*” term in the n” row is the sum of the 


three entries above it, and the one to the left. 


Step 1: Prove the first term of the series. In this case, the first term we can apply will 


A5 


Table 5.7: Sum of Distinct Terms 
TO | PQ) | PR) | 7S) | re 
1 1 1 1 1 


NE WH 
me 
i) 
iw) 
Ol 
iN 
PS 
“I 
j=) 


be eo. Let’s start by finding the LHS of the equation. 


oy” 


I 
a 
oO 
+ 
iN 
i 
SS 


Now that we have the LHS, let’s see if the result of the RHS is the same. Note 
that the term to the left of CO =0. 


Since N4=N4,, then we have proven the first term to follow the conjecture. Next, we have 
to prove the pattern for the general term. 
Step 2: Assume cf) is true, prove oor} 


Take the following to be true. 


c= of 4c®, +0, 40%, 
Gar a Gr Ae ara re ra ran ae 
Using the above statement, we need to prove our Let’s start with the LHS. 
Cet) — é : Ny 
kt 
a (ans) Nn 
Now that we have the result for the LHS, let’s see if the RHS matches. 


OP ROMS OCT Ce. 
= CED CDE Mica ETI 
= ( k )Nn i: k+ )Nn-1 + ( k+l )Nn—2 + ( k+1 )Nn-3 


Since the LHS=RHS, we have proven the relation to be true for the case of the horizontal 
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shift. If we were to do the proof for the vertical shift, we can see that if we prove this 
relation for the first column, we can prove it for the entire array. Notice, if we were to 
take the three terms above the first term in the n“” row, we have the exact proof we 
proved in the previous section. Note, that the entry to the left of any term in the first 
column is zero. Therefore, we have already proven the relation to be true for the vertical 
shift. Therefore, each term in the array can be made up of the two numbers above it and 


the one to the left of it. 


AT 


Chapter 6 


Conclusion 


Finding the patterns in Chapter 5 about the Fibonacci and Tribonacci con- 
volution triangles was one of the most thrilling parts of this project. I found them 
early on and was really excited to prove them. I had been using the column generating 
functions[KOS14] which helped prove the conjectures for the early observations. I real- 
ized that there was a way to find row generating functions[HB72] I could use to prove 


our findings. While proving our findings I noticed something worth stating. 


6.1 Fibonacci Convolution Triangle 


As I was proving my findings for the Fibonacci convolution triangle[HB72], I 
noticed that they looked very similar to the second step of induction of the sum of the 
rows. Notice that each of the entries is the sum of the previous term in the row and the 


two new terms of that pattern as shown below. 


Table 6.1: Sum of Two Rows 
FO | FO |] pe) |] PC) ] pe) 
1 1 1 1 1 


amaownr 
—_ 
j=) 
bo 
bo 
dw 
j=) 
(op) 
ol 
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Notice that 233 is already the sum of the entries of the two rows above it. When we look 
for the entries of 594, rather than taking the sum of the entire two rows above it, we 
simply take the sum of the 233, which is the term next to it, and add it to the other two 


missing entries of that column. We can see that in the table below. 
Table 6.2: Sum of Terms 


FO | PFO | pe) |] PC) ] pe) 
1 1 1 1 1 


ceooww dsr 
—_e 
j=) 
N 
bo 
ww 
j=) 
D> 
Ol 


6.2 Tribonacci Convolution Triangle 


Similarly to the Tribonacci convolution triangle, I noticed a similar pattern in 
the Tribonacci convolution triangle[HB72]. The sum of the four distinct terms was similar 
to the second step of induction of the sum of the rows. Noticing that the same relation 


was found I wanted to see a visual of what was going on. Below, we have the Tribonacci 


convolution triangle. 


Table 6.3: Sum of Three Rows 
TO) | PO) | pe) | 7) | pe) 


Notice that 359 is already the sum of the entries of the two rows above it. Then we look 


for the entries of 864, rather than taking the sum of the entire rows above it, we can add 


AQ 


the entry to the left of it, and the two entries above it. Offsetting the array by 3 rows 


make it easier to see the sum of the entries. This pattern, as we proved, generates the 


entire Tribonacci convolution triangle. 


Table 6.4: Sum of Terms 


TO) | PO) | PR) | pS) |] 7 
1 1 1 1 1 
1 2 3 4 5 
2 5 9 14 20 
4 12 25 44 70 
7 26 63 | 125 | 220 
13 56 | 153 | 336 | 646 
24 | 118 | 359 | 864 | 1800 


Notice that 359 is already the sum of the entries of the two rows above it. Then we look 


for the entries of 864, rather than taking the sum of the entire rows above it, we can add 


the entry to the left of it, and the two entries above it. Offsetting the array by 3 rows 


make it easier to see the sum of the entries. This pattern, as we proved, generates the 


entire Tribonacci convolution triangle. 
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